The implementation of gauge theories on a four-dimensional anisotropic lattice with two distinct lattice spacings is discussed, with special attention to the case where two axes are finely and two axes are coarsely discretized. Feynman rules for the Wilson gauge action are derived and the renormalizability of the theory and the recovery of the continuum limit are analyzed. The calculation of the gluon propagator and the restoration of Lorentz invariance in on-shell states is presented to one-loop order in lattice perturbation theory for SU (N c ) on both 2+2 and 3+1 lattices.
I. INTRODUCTION
The anisotropic lattice is a popular tool in numerical simulations. The usual approach is to make the temporal lattice spacing fine while keeping the spatial directions relatively coarse. The extra temporal resolution in this 3+1 discretization scheme is useful when measuring two-and three-point correlation functions of particles which decay rapidly. This is particularly useful for heavy hadrons and glueball states, for which the signal to noise ratio decreases rapidly with time. The glueball spectrum [1, 2] was an early success for this approach and, more recently, heavy quark systems have been studied using anisotropic lattices [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] .
In this paper we consider a generalization of the anisotropic approach to include lattices with a 2+2 discretization. The temporal and one spatial direction are made fine, keeping the remaining two spatial directions coarse. The motivation for this choice is to explore the feasibility of calculating decays which produce high-momentum daughter particles. These include the phenomenologically interesting transistions B → πlν and B → K * γ. CKM matrix elements are determined from such exclusive decay processes through a combination of experimentally measured branching fractions and theoretical calculations of form factors.
The light daughter hadrons in these decays have non-zero momentum and so in a lattice calculation of the nonperturbative form factors there are cutoff effects proportional to this momentum in units of the lattice spacing. Therefore B → πlν has discretisation errors proportional to ap π where a is the lattice spacing. However, the range of momenta reliably reached by current experimental and lattice data do not overlap. Lattice calculations work best with p π ≤ 1GeV but the bulk of experimental data for the exclusive decay, B → πlν lie at p π ≥ 1.5GeV. To avoid model-dependence kinematic cuts can be applied, restricting the range of lattice data to momenta where the calculation is reliable [15] , awaiting improved experimental results. Alternatively, the lattice data can be extrapolated to match experiment [16, 17, 18 ] but this introduces model-dependence and increases substantially the systematic error in lattice calculations and therefore in |V ub |. For B → K * γ the situation is more acute since this decay happens at the maximum recoil momentum of the daughter meson, far from the range accessible to current lattice calculations. Therefore it is necessary to extrapolate well outside the range of reliable data [19, 20] , once again introducing model-dependence and increasing the systematic errors. For this reason it has not been 2 widely studied using lattice methods and calculations to date have used isotropic lattices.
In both cases the difficulty for lattice calculations is that errors proportional to the momentum of the order ap, grow quickly. These must be controlled to make phenomenologically relevant lattice calculations. The advantages then of the 2+2 lattice are twofold. Firstly, the fine temporal lattice spacing serves the same purpose as in the 3+1 case: correlation functions should be accurately determined while keeping computational costs modest. Secondly, making one spatial direction fine and injecting all momentum along that direction keeps discretization errors of O(ap) small for high momenta.
The transition B → πlν has been calculated using a 3+1 discretisation scheme and the improved resolution in the temporal direction led to higher-momentum (0 ≤ p π ≤ 1.5GeV) particles being reliably simulated [21] . Both this calculation and the isotropic calculations which were reviewed in Ref. 22 find that one of the largest systematic errors in the range of accessible momenta is due to the chiral extrapolation. The 2+2 discretization does not address this issue but it is hoped that it will further extend the range of momentum available to lattice calculations and that statistical precision will be enhanced.
The paper is organized as follows. In Section II a general anisotropic formulation for SU(N c ) Yang-Mills theory in four dimensions is presented. The differences between 3+1
and 2+2 discretisations are discussed in terms of the lattice symmetries and the parameter tuning required. Section III contains the framework of the perturbative calculation, already outlined in Ref. 23 . Although the goal is a 2+2 discretization, the Feynman rules and the analytic procedure given are completely general and allow an exact treatment of the calculations. In Section IV we present our results and include a comparison with other work. The challenging algebraic manipulations were performed on a computer using a symbolic code which handles the dependence on the anisotropy analytically. The core of the code is similar to that used in Ref. 24 , while the treatment of the lattice integrals follows from Ref. 25 . Section V contains our conclusions, while some technical details are given in Appendices A and B.
II. YANG-MILLS THEORIES ON A 2+2 ANISOTROPIC LATTICE
In this section, formulations of SU(N c ) Yang-Mills theory on general orthogonal lattice types are considered. A generalisation of the Wilson action for SU(N c ) Yang-Mills theory 3 on the lattice is given by
where β = 2N c /g 2 with g 2 , the lattice coupling constant and N c the number of colors. P µν is the plaquette in the (µ, ν) plane;
The six coefficients, c µν in Eq.
(1) will describe the anisotropy class.
If some sub-sets of these parameters are given identical values, the lattice action may have symmetries under the interchange of axes. In particular, if the two identities
are imposed, the lattice action is symmetric under the cubic point group, and the 3+1 anisotropy class is realised. Similarly, if the identity
is imposed, the lattice action transforms trivially under elements of the group C 4ν ⊗ C 4ν , with the first constituent group comprising the rotations and reflections in the (1,2) plane and the second being those in the (3, 4) plane. This anisotropy class is denoted 2+2.
For phenomenologically motivated reasons, as discussed in Section I, consideration will be restricted to these cases where only two distinct lattice spacings are permitted. The coarse and fine lattice spacing will be denoted a c and a f respectively. In this paper the overall scale a is chosen to be a f . The implementation of a 3+1 anisotropy, in which the lattice spacing in the temporal direction is made fine keeping the spatial lattice spacing coarse, has been widely discussed in the literature [26, 27] .
In the continuum, the corresponding sub-groups of O(4), the rotations in Euclidean space that are generated by demanding the same symmetries in the coefficients of the continuum 
and Tr
The recovery of Euclidean invariance in the low-energy physics of an anisotropic lattice requires a parameter tuning, in contrast to the isotropic case. Additional differences arise between the 3+1 lattices, for which a one-parameter tuning suffices and 2+2 lattices which necessitate a two-parameter tuning. The importance of parameter tuning, in particular for the 2+2 case is emphasised in subsection II A.
Finally, it is interesting to note that taking the anisotropy ξ → ∞ yields, up to a gauge transformation, the Hamiltonian limit of the theory on a 3+1 lattice. For the 2+2 anisotropy class, this limit can not be taken naively; a theory in which only two of the four dimensions are discretised is not regularised.
A. 2+2: the need for tuning
As the continuum limit is approached for the 3+1 lattice theory, the physics of the Euclidean invariant Yang-Mills theory is reproduced, provided care is taken to account for the different grid spacings, a c and a. This can be achieved by tuning the relative weights of the two sets of coefficients in Eq. (3) to ensure the ratio of scales, ξ = a c /a measured by a physical probe takes its desired value or alternatively, an arbitrary choice of the two parameters c cc and c cf can be taken and the ratio of scales measured post-hoc. The 3+1 anisotropic theory is certain to be in the same universality class as the desired theory since the single free parameter (the relative weight of c cc and c cf ) determines the ratio of scales ξ.
For the 2+2 case, an important distinction arises; while there are only two distinct dimension-four continuum operators in the 3+1 class, there are three for the 2+2 case. As a result, the recovery of a Euclidean invariant continuum theory is not guaranteed since there are two free parameters and only a single ratio of scales. As a result, the general 2+2 lattice theories can lie in a larger universality class than the continuum four-dimensional Yang-Mills theory.
For this reason, care must be taken to ensure the recovery of Euclidean invariance in the continuum limit for a 2+2 simulation. The relative weights of the three operators in the action must be determined to ensure Lorentz invariance in on-shell Green's functions.
This tuning can be achieved perturbatively or by restoring symmetries in a non-perturbative calculation of, for example the static inter-quark potential. In the remainder of this paper, perturbation theory is used to determine the parameters in the action. A paper describing the nonperturbative tuning of the parameters is in preparation [28] .
B. c µν from perturbation theory
At tree level, it is straightforward to determine the values of the coefficients in the action.
For the 3+1 lattice action, they are c cc = 1/ξ, c cf = ξ and for the 2+2 case, they are
The one-loop definitions of c µν can then be parameterised
and
In both cases, an overall multiplicative weight can be absorbed into a redefinition of the field integration variables, and this is redundant in the action-tuning procedure since a symmetry is being enforced in on-shell Green's functions. This change of variables will become important once matrix-element matching of gluon fields is being performed.
III. PERTURBATION THEORY
We can now proceed to discuss Feynman rules for a general four-dimensional anisotropic
Wilson-like action, already outlined in Ref. 23 . We follow the notation given in Ref. 29 and the interpretation of the anisotropy as a difference in momentum cut-offs will be our guideline. The matching of the lattice gluon action in Eq. (1) with its continuum counterpart is made clearer by expressing the link variables U µ (n) = e iφµ(n) in terms of dimensionless fields
where T b are the SU(N c ) generators in the fundamental representation satisfying the rela-
then be reintroduced in Eq. (7) using the relation
where
is the anisotropy index. By taking into account the Jacobian
where d denotes the number of coarse directions, one easily gets Eqs. (5) and (6). The continuum limit of the Eq. (1) is then written as
where O is an irrelevant operator in the continuum involving terms with three or more gluon fields from which the non-trivial contribution to the Feynman rules will arise, whilê
are the dimensionless field strength and lattice right derivative, whereas
are their dimensionful equivalents.
As is well known, the Wilson action has O(a 2 ) discretization errors in the evaluation of various physical quantities. In addition, the lattice regularization gives rise to finite renormalization coefficients when compared to other continuum schemes. These effects can be reduced by adding irrelevant operators in the action which reduce discretization artefacts, or by improving the convergence of renormalization coefficients to better match continuum quantities [30, 31] . In any of these cases an exact and completely algebraic treatement of the Feynman rules is always viable, even at orders higher than one [32, 33, 34, 35, 36] . As for the lattice integrals, while a completely numerical evaluation presents no problem at first order, any one-plaquette action will change the structure of the O(a 2 ) (irrelevant) terms in the four and higher gluon vertices but will not change the propagators, the three-gluon vertex, the measure or the gauge-fixing terms, which are all fixed by the Haar measure and the naive matching with the continuum limit [37] . A. The gauge fixing and the gluon propagator
For perturbation theory it is necessary to choose a gauge fixing and proceed to define the other parts of the action needed to write the Feynman rules. In analogy with the isotropic case we choose the gauge-fixing term such that
It is straightforward to show that
where now∂
gives the desired form once α = ξ −2l+d−2α
. The choice l = (d − 2)/2 would be easiest but we shall see in the following it is not the most convenient. The gluon propagator can now be calculated from the two field terms in Eq. (12) and the definition of the gauge fixing in 8 Eq. (17) . The functional form is similar to the isotropic case, namely
are the dimensionful lattice momenta spanning the anisotropic Brillouin zones. All the anisotropy is now encapsulated in this form of the Brillouin zone. This will prove to be a constant pattern: for any vertex or propagator which has a continuum analogue, the form in terms of the (anisotropic) dimensionful momenta will resemble the isotropic ones, since the asymmetry now lies solely in the different momenta cut-offs.
B. The Haar measure
On the lattice the functional integral is obtained by integrating over the dimensionless gauge links, but to do perturbation theory it must be expressed in terms of the dimensionful gauge fields. The Jacobian resulting from the expression of the Haar measure in terms of Eq. (7) is [29]
where the φ a µ (n) are the same as in Eq. (7) and the t a are the adjoint generators of SU(N c ).
Reexpressing J as e −Smeas gives
When expanded to lowest order in the fields (which is all that is needed for one-loop twopoint function calculations) this reads
which putting back the dimensionful fields gives the vertex
By convention all gluon momenta are incoming.
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C. Fadeev-Popov ghost fields
The Faddeev-Popov determinant, which forces the integration only on a section of the gauge orbits, must also be included in the action. Using F in Eq. (17) to enforce the gauge condition on φ µ and using the response of the gauge fields on the lattice to (infinitesimal)
whereφ µ and the inverse adjoint-valued operator, M are given in Eq. (21), we obtain
whereĉ andc are the dimensionless lattice ghost fields, introduced to make Eq. (26) local.
From the expansion of M
and by reintroducing dimensions, Eq. (26) can be written as
by including only terms which are relevant for one-loop two-point functions. The factor ξ l−1 at the front of S gh gives rise to spurious coefficients with no continuum analogue which however, cancel in any graph with no ghost outer legs. Alternatively the coefficients can be absorbed in a redefinition of the ghost fields, ξ (l−1)/2 c → c or by setting l = 1, thus rescaling the lattice gauge-fixing parameterα = ξ 4−d α. For each of these alternatives the ghost propagator and the two ghost one-and two-gluon vertices are
withp µ = cos 1 2 p µ aξ µ . As usual the vertex which has a continuum analogue carries no explicit dependence on the anisotropy.
D. Gluon vertices
Taking into account the three-gluon terms arising from Eq. (1), one of which comes from the irrelevant operator O defined in Eq. (11) gives
which, after a Fourier transformation, leads to an expression equivalent to the isotropic case
Taking the four-gluon terms arising from Eq. (1), mostly coming from O, (see Ref. 29 for details), and rechecking the cancellations which must occur due to Bose symmetry, one finds the four-gluon vertex whose expression is given in Appendix A.
E. One-loop correction vertex
The one-loop corrections to the action coming from Eqs. (5) and (6) give rise to an extra
µ coarse(fine) and ν fine(coarse)
In the 3+1 case one can either set η
ff to zero or leave it free, as by the traceless property of the vertex it will always cancel.
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F. The continuum limit and anisotropic renormalization
The calculation of the one-loop corrections to the gluon self-energy, Σ µν,ab (p), using the Wilson action involves five Feynman diagrams [41] and Eq. (33) . Each diagram is a function of the external momenta p and can be written as
where k is the integration momenta. Since we are interested in the continuum limit of Eq. (35), if the integral is ultraviolet convergent we can simply substitute the function 
where n F is the degree of divergence of the diagram. The first term in Eq. (36) is ultraviolet finite [43, 44] and therefore its continuum limit can be taken, making it independent of ξ. All the effects of the lattice regularization remain in the second term, which is simply a polynomial in the external momenta with coefficients given by zero-momentum lattice integrals.
On the other hand, if a diagram contains massless propagators, as in our case, more care is needed: indeed an expansion around p = 0 can give rise to infrared divergences. A simple recipe is to introduce an intermediate infrared regularization. Given an anisotropic cut-off the introduction of a mass, m in the propagators is the most suitable solution [25, 32, 45] , while dimensional regularization is popular in the literature for the isotropic case [33, 41] .
and G L (p) are then divergent for m → 0 separately but the divergences cancel in the sum.
IV. RESULTS
In this section we present the results of the one-loop correction to the gluon propagator using the Wilson action in the Feynman gauge for a general anisotropic lattice in four dimensions. Applying the procedure explained in Section (IV A) we calculate the values of the coefficients which restore on-shell Lorentz invariance, where the definition and treatment of the lattice integrals B ξ is given in Appendix (B).
A. On-shell Lorentz invariance
As explained in Section II, the one-loop propagator obtained from the Feynman rules given in Section III will not in general satisfy Lorentz invariance. The free parameters in Eq. (34) must be tuned to restore the symmetry [26, 27, 46] . From Eq. (33) The remaining Lorentz-breaking artefacts arising from the mixing of longitudinal and transverse field components have the correct structure and can be cured by tuning. We choose to fix the parameters in the action by demanding the recovery of Lorentz invariance for on-shell physical soft gluon modes, imposing that the two physical eigenvalues of the one-loop propagator vanish for E 2 = p 2 . Since this is a gauge-invariant condition we restrict ourselves to a particular gauge. We have chosen the Feynman gauge for which α = 1. By injecting the gluon momentum in any possible direction and calculating the eigenvalues and eigenvectors of the propagator we obtain a general condition for η
cf and η
cf , independent of the direction of p µ . The value of η (1) cf remains unconstrained as it can be reabsorbed in a one-loop β-shift.
To identify the physical eigenmodes, the momenta directions with residual symmetry are first identified; In the case of the 2+2 lattice, this corresponds to any momenta in the coarse-coarse or fine-fine planes. Then for more general momenta, the axis of propagation was smoothly varied away from these symmetric cases, and the eigenmodes continuously traced. This investigation lead to a generalisation of the polarisation condition, p µ ǫ µ = 0 13 for on-shell gluon polarisation vector ǫ µ . The resulting 2+2 lattice polarisation condition is
with Z µν is the diagonal matrix Z µν = δ µν (Z c δ µc + Z f δ µf ) and Z c , Z f the coarse and fine gluon field renormalisation coefficients. δ µf and δ µc are one(zero) if µ is fine(coarse).
B. The one-loop coefficients for the restoration of Lorentz invariance
For 2+2 anisotropic lattice the one-loop coefficients for the restoration of Lorentz invariance are
which diverge logarithmically with ξ, while for 3+1 we have Once the values in Eqs. (38) , (39) and (40) are inserted, the one-loop correction to the gluon self-energy reads
For 2+2 we have
while for 3+1
We stress that the term proportional to B in Eq. (41) does not break Lorentz invariance but arises from the difference in the renormalizations of the fine and coarse fields A µ . This difference must be taken into account when calculating physical quantities such as the Λ parameter or matrix elements. After including the difference, the physical modes will still be transverse.
Setting ξ = 1 we recover from Eq. (41) the well-known value of the gluon self-energy [32, 33, 41] 
where Z 0 and F 0 are standard integrals in perturbation theory on the isotropic lattice, and are defined in Ref. 45 . In order to calculate coefficients at the one-loop level in mean-link improved perturbation theory, the evaluation of either the plaquette, TrP µν or the link trace in Landau gauge, Tr U µ is required. We find
where B 
cc , η (1) cf and η (1) ff for a range of anisotropies and including these improvement terms are given in Tables (III,IV 
cf for ξ = 1, · · · , 10 on a 2+2 anisotropic lattice using mean (coarse) plaquette improvement. 
cf for ξ = 1, · · · , 10 on a 3+1 anisotropic lattice using mean (coarse) plaquette improvement. cf for ξ = 1, · · · , 10 on a 3+1 anisotropic lattice using mean (coarse) link improvement. Z 0 is defined in Section IV B.
V. CONCLUSIONS
In this paper, a generalization of the Wilson discretization to an anisotropic lattice with two coarse and two fine directions has been described. In particular, an important distinction between the 2+2 anisotropy and the well-established 3+1 case has been emphasized. The difference is that the coefficients in the 2+2 action must be determined before simulation to ensure Lorentz invariance, while any 3+1 action leads to a Lorentz-invariant theory once the ratio of scales, ξ is determined. We are currently investigating non-perturbative techniques for computing these coefficients in the 2+2 case [28] .
The main result of the paper was to compute these coefficients to first order in perturbation theory. While the focus of the calculation was on determining the Feynman rules for the 2+2 lattice Wilson gauge action, a more general prescription was developed to allow the 3+1 case to be investigated as well. This allowed us to check our results against previously published work. The results in a mean-link improvement scheme were presented.
The usefulness of this scheme arises from the need to make accurate calculations of form-factors and matrix elements at high momentum. This paper establishes the tools for perturbation theory calculations on the 2+2 anisotropic lattice, which will be important later when computing the matching factors to link calculations of weak-decay matrix elements to their continuum counterparts. As part of this program, quark fields on 2+2 anisotropic lattices are under consideration. 
